We present numerical experiments to investigate axisymmetric interpretations of tropical cyclone spin-up in a three-dimensional model. Two mechanisms are identified for the spin-up of the mean tangential circulation. The first involves the convergence of absolute angular momentum above the boundary layer and is a mechanism to spin up the outer circulation, i.e. to increase the vortex size. The second involves the convergence of absolute angular momentum within the boundary layer and is a mechanism to spin up the inner core. It is associated with the development of supergradient wind speeds in the boundary layer. The existence of these two mechanisms provides a plausible physical explanation for certain long-standing observations of typhoons by Weatherford and Gray, which indicate that inner-core changes in the azimuthal-mean tangential wind speed often occur independently from those in the outer core. The unbalanced dynamics in the inner-core region are important in determining the maximum radial and tangential flow speeds that can be attained, and therefore important in determining the azimuthal-mean intensity of the vortex. We illustrate the importance of unbalanced flow in the boundary layer with a simple thought experiment. The analyses and interpretations presented are novel and support a recent hypothesis of the boundary layer in the inner-core region.
Introduction
This is one of a series of papers investigating tropical cyclone amplification in a three-dimensional model. In the first paper (Nguyen et al., 2008 ; henceforth M1), we studied tropical cyclone intensification and predictability in the context of an idealized three-dimensional numerical model on an f -plane. The model has relatively basic physics including a bulk-aerodynamic formulation of the boundary layer and a simple explicit moisture scheme to represent deep convection. In the prototype amplification problem beginning with a weak tropical storm strength vortex, the emergent flow becomes highly asymmetric and dominated by deep convective vortex structures, even though the problem as posed is essentially axisymmetric. Following Hendricks et al. (2004) and Montgomery et al. (2006a) , we refer to these structures as 'vortical hot towers' (VHTs). The VHTs amplify the local vertical vorticity of the rotation-rich environment of the incipient vortex. The evidence from the three papers above is that they are the basic coherent structures in the intensification process. In the numerical experiments it is the progressive segregation, merger and axisymmetrization of these towers and the low-level convergence they generate that is fundamental to the intensification process, but axisymmetrization is never complete.
It was shown in M1 that the vortex asymmetries that develop are highly sensitive to the boundary-layer moisture distribution. When a small random moisture perturbation is added in the boundary layer at the initial time, the pattern of evolution of the flow asymmetries is dramatically changed and a non-negligible spread in the local and azimuthally averaged intensity results. Thus the intensification process is not only intrinsically asymmetric, but small-scale features thereof are random in nature.
Prior to our study, most theoretical paradigms for tropical cyclone intensification have been based on axisymmetric reasoning. One of these is the so-called WISHE mechanism, which is summarized by Emanuel et al. (1994) and further discussed by Craig and Gray (1996) . The theory is articulated in a revised form by Montgomery et al. (2009; henceforth M2) . The term WISHE, which stands for wind-induced surface heat exchange, was first coined by Yano and Emanuel (1991) to denote the source of fluctuations in subcloud-layer entropy arising from fluctuations in surface wind speed. The WISHE mechanism has become the accepted paradigm for explaining tropical cyclone dynamics and has achieved widespread acceptance in tropical weather briefings, in dynamic meteorology textbooks (e.g. Holton, 2004; Asnani, 2005) , and in the current literature (Lighthill, 1998; Smith, 2003; Molinari et al., 2004; Montgomery et al., 2006a) . It is central also to the theory for the potential intensity of tropical cyclones proposed by Emanuel 5d. PROJECT NUMBER 5e. TASK NUMBER 5f. WORK UNIT NUMBER
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ABSTRACT
We present numerical experiments to investigate axisymmetric interpretations of tropical cyclone spin-up in a three-dimensional model. Two mechanisms are identified for the spin-up of the mean tangential circulation. The first involves the convergence of absolute angular momentum above the boundary layer and is a mechanism to spin up the outer circulation, i.e. to increase the vortex size. The second involves the convergence of absolute angular momentum within the boundary layer and is a mechanism to spin up the inner core. It is associated with the development of supergradient wind speeds in the boundary layer. The existence of these two mechanisms provides a plausible physical explanation for certain long-standing observations of typhoons by Weatherford and Gray, which indicate that inner-core changes in the azimuthal-mean tangential wind speed often occur independently from those in the outer core. The unbalanced dynamics in the inner-core region are important in determining the maximum radial and tangential flow speeds that can be attained, and therefore important in determining the azimuthal-mean intensity of the vortex. We illustrate the importance of unbalanced flow in the boundary layer with a simple thought experiment. The analyses and interpretations presented are novel and support a recent hypothesis of the boundary layer in the inner-core region. (1988) . (See also Emanuel, 1995; Bister and Emanuel, 1998; Emanuel, 2003) Recently, showed that a major deficiency of Emanuel's potential intensity theory is the tacit assumption of gradient wind balance in the boundary layer † , a shallow layer in which inflow arises largely because of gradient wind imbalance in the radial momentum equation. If a more complete boundary layer formulation is included, the tangential wind speed in the boundary layer becomes supergradient in the inner-core region. Boundary layer calculations by suggest that supergradient flow is a ubiquitous feature of the inner-core boundary layer of a mature storm, a finding supported by the boundary layer calculations of Shapiro (1983) , Kepert (2001) , Kepert and Wang (2001) and Montgomery et al. (2001) and by the numerical model calculations of Nguyen et al. (2002) . proposed a revised model for the behaviour of the boundary layer in the inner-core region and its influence on the interior circulation as sketched in Figure 1 . The boundary layer is divided into two regions depending on whether the top of the boundary layer is an inflow boundary (Region B, r > r up ) or an outflow boundary (Region A, r < r up ), where r denotes the radius. In Region B, the boundary layer is directly influenced by the vortex above through the radial pressure gradient at the top of the layer and through the downward advection of free vortex properties such as moisture, heat and momentum (e.g. . Except, of course, in regions of deep convection, such as rainbands, or indeed secondary eyewalls (Houze et al., 2007; Terwey and Montgomery, 2008) , there is no essential feedback to the free vortex. However, in Region A, boundary-layer properties are advected vertically into the free vortex and have a profound influence on its structure.
The boundary-layer flow in Region B can be thought of as producing an inward radial jet at r = r up , the strength of which depends on the gradient wind profile at larger radii as well as on the boundary-layer depth. The boundary-layer dynamics in Region A determine the fate of this jet, but the details depend inter alia on the radial pressure gradient at the top of the boundary layer, i.e. there is a substantial two-way feedback between the boundary layer and the free vortex in this region. These details depend also on the boundary-layer depth. The radial pressure gradient in the boundary layer is probably still determined in large measure by the mass distribution in the free vortex, with possible exceptions in localized regions near where inflow turns to upflow † Throughout this paper we use the term boundary layer to describe the shallow layer of strong inflow near the sea surface that is typically 500 m to 1 km deep and which arises largely because of the frictional disruption of gradient wind balance near the surface. While in our model calculations there is some inflow throughout the lower troposphere associated with the balanced response of the vortex to latent heat release in the eyewall clouds (we show this in a paper to the Quarterly Journal that has been accepted subject to minor revision), the largest radial wind speeds are confined within the lowest kilometre and delineate clearly the layer in which friction effects are important (i.e. where there is gradient wind imbalance; Figure 6 ) from the region above where they are not. Figure 1 . Conceptual model of the hurricane inner-core region proposed by . Air subsides into the boundary layer for radii r > r up and ascends out of the boundary layer for r < r up . The frictionally induced net pressure gradient in the outer region produces a radially inward jet at r = r up . The subsequent evolution of this jet depends on the bulk radial pressure gradient that can be sustained by the mass distribution at the top of the boundary layer. The jet eventually generates supergradient tangential winds whereafter the radial flow rapidly decelerates and turns upwards and outwards. When the outflow has adjusted to the radial pressure gradient that is sustained by the mass field, the flow turns upwards into the eyewall clouds. This figure is available in colour online at www.interscience.wiley.com/journal/qj and possibly outflow (section 4). However the free vortex can be expected to be strongly influenced by the radial distribution of mass, momentum and moisture that leave the boundary layer.
The slab-model boundary-layer calculations by and show that the tangential winds tend to become supergradient in the inner core and, as a result, the radial flow rapidly decelerates until the tangential component becomes subgradient again, or the radial wind becomes zero. In either case the flow out of the boundary layer increases markedly. If the winds carried upwards retain their supergradient character, they will surely flow with a significant component outwards until they have come into gradient wind adjustment with the mass field aloft. At this point they would be expected to turn upwards into the eyewall. While parts of this scenario were speculative until now, the model is consistent with flight-level and radar observations of the inner core at low levels in hurricane H ugo (Marks et al. 2008) and hurricane I sabel (Montgomery et al., 2006b; Aberson et al., 2006) , and it is consistent with the calculations of Montgomery et al. (2001) and Persing and Montgomery (2003) . The three-dimensional calculations of M1 provide a wealth of data with which to examine the azimuthally averaged aspects of the boundary-layer dynamics and the manner in which the boundary layer couples with the interior flow. One aim of the present paper is to use these data to assess the validity of the conceptual model in Figure 1 .
Previous theoretical accounts of tropical cyclone evolution have presumed that convergence above the boundary layer is a prerequisite for intensification and that this convergence must be large enough to oppose the frictionally induced divergent outflow above the boundary layer (Ooyama, 1969 (Ooyama, , 1982 Willoughby, 1988 Willoughby, , 1995 Raymond et al., 1998; Smith, 2000) . In addition it has been supposed that friction generally reduces the winds in the boundary layer below the local gradient-wind value. For example, Willoughby (1995, p 29) notes that 'the swirling wind in the boundary layer is generally a little weaker than that just above ' and Schubert and Alworth (1987, p 157) , in their theoretical study of tropical cyclone development using a Sawyer-Eliassen balanced vortex model, state that '... one would expect that the inclusion of friction would reduce the low-level winds ... to bring closer agreement with observations'. In this connection, Kepert (2001 Kepert ( , p 2469 has discussed the issue of estimating a surface wind reduction factor in the context of observational studies. More recently, Raymond et al. (1998 Raymond et al. ( , 2007 assume that the boundary layer is generally responsible for spin-down, noting that '... cyclone development occurs when the tendency of convergence to enhance the low-level circulation of a system defeats the tendency of surface friction to spin the system down'. The key issue here is what is being converged and where is the convergence occurring? The scenario envisaged by Raymond et al. is that frictionally induced convergence in the boundary layer forces deep convection, which then generates inflow through a deep tropospheric layer. In a very recent paper, Raymond and colleagues (Marin et al., 2009) continue to assert that 'The primary balance governing the circulation in the planetary boundary layer is between the convergence of environmental vorticity, which tends to spin up the storm, and surface friction, which tends to spin it down'. In general, the perception seems to be that surface friction plays only an inhibiting role to vortex intensification. We argue below and later demonstrate that this is not the case in the inner-core region.
The idea that convergence above the boundary layer is a prerequisite for vortex spin-up is that, in the absence of friction, the absolute angular momentum, M, is materially conserved. This quantity is related to the tangential wind speed, v, by the formula
where f is the Coriolis parameter. For constant M, both terms in this expression lead to an increase in v as r decreases. An alternative, but equivalent interpretation for the acceleration of the mean tangential wind follows directly from Newton's second law in which the sole force is the generalized Coriolis force associated with the mean radial component of inflow. (The generalized Coriolis force is −u(v/r + f ), where u is the mean radial velocity component.) In the boundary layer, absolute angular momentum is not materially conserved because of the frictional torque in the tangential direction. However, if rings of air converge quickly enough, i.e. if the generalized Coriolis force exceeds the tangential component of frictional force, the tangential winds can increase with decreasing radius in the boundary layer as well. It is precisely for this reason that supergradient winds can arise in the boundary layer (e.g. Nguyen et al., 2002; .
The tendency for supergradient winds to develop in the boundary layer raises the possibility that the spin up of the inner core might be associated with the convergence of absolute angular momentum in the boundary layer and that it could proceed largely independently of the spin-up of the outer circulation. There is some evidence for this possibility. For example, in Emanuel's (1997 Emanuel's ( , 2003 model of hurricane intensification as a frontogenetic process in equivalent potential temperature, core spin-up appears to arise entirely in the boundary layer. (Emanuel takes the boundary layer to be a layer of fixed depth in which the frictional stress is distributed uniformly with height as a body force, but he assumes that gradient wind balance exists in this layer.) However, the balanced boundary layer that forms the dynamical part of that model is forbidden from generating supergradient winds so that supergradient winds per se might not be essential. The importance of the boundary layer to vortex spin-up finds support in unpublished calculations performed by our late colleague, Wolfgang Ulrich. Using a simple axisymmetric tropical cyclone model and performing back-trajectory calculations, he found that in all calculations examined, the ring of air associated with the maximum tangential wind speed invariably emanated from the boundary layer at some large radius from the storm axis. Numerical simulations of hurricane Andrew (1992) by Zhang et al. (2001) show further evidence for the role of the boundary layer in vortex spin-up, but these authors did not appear to realize the fundamental nature of their result. These various findings naturally raise a basic question: What are the relative roles of convergence in the boundary layer to convergence above the boundary layer in the spin-up of the mean tangential winds, both in the inner core and in the region of gales? A further aim of the present paper is to investigate this question.
The focus of this paper is largely on the dynamical aspects of the azimuthally averaged mean field evolution in two of the three-dimensional numerical experiments performed by M1. Thermodynamical aspects of the mean field evolution are discussed in a companion paper, M2, which challenges the very foundations of the WISHE mechanism itself. The paper is organized as follows. Section 2 gives a brief description of the model while section 3 describes the kinematics of vortex evolution in the model. Section 4 analyses the dynamics of vortex spin-up from an azimuthally averaged perspective in the most basic numerical experiment and section 5 examines the effects of including a representation of warm-rain processes. The concusions are presented in section 6. A short appendix details terms contributing to the azimuthally averaged absolute angular momentum budget.
The model configuration
The numerical experiments are carried out using a modified version of the Pennsylvania State University-National Center for Atmospheric Research fifthgeneration Mesoscale Model (MM5, version 3.6; Dudhia, 1993; Grell et al., 1995) . The model is configured with three domains: a coarse mesh of 45 km resolution and two 2-way nested domains of 15 and 5 km resolution, respectively. The domains are square and are 5400 km, 1800 km, 600 km on each side. There are 24 σ -levels in the vertical, seven of which are below 850 mb. The calculations are performed on an f -plane centred at 20
• N. In order to keep the experiments as simple as possible, the main physics options chosen are the bulkaerodynamic boundary-layer scheme and either the simplest explicit moisture scheme that mimics pseudoadiabatic ascent, or a warm-rain scheme. These schemes are applied in all domains. No cumulus parametrization was used on either the coarsest or second grid. The sea surface temperature is set to a constant 27 • C. For simplicity, radiative cooling is neglected. The initial vortex is axisymmetric with a maximum tangential wind speed of 15 m s −1 at the surface at a radius of 135 km. The strength of the tangential wind decreases sinusoidally with height, vanishing at the top model level (50 mb). The temperature field is initialized to be in gradient wind balance with the wind field using the method described by Smith (2006) . The far-field temperature and humidity are based on Jordan's Caribbean sounding (Jordan, 1958) .
The vortex centre is defined as the centroid of relative vorticity at 900 mb over a circular region of 200 km radius from a 'first-guess' centre, which is determined by the minimum of the total wind speed at 900 mb. Experiment 1 is the control calculation described in M1 and Experiment 2 is the corresponding calculation with a representation of warm-rain processes.
Kinematics of vortex spin-up
The spin-up of the vortex in both Experiments 1 and 2 is summarized in Figure 2 , which shows time series of the azimuthal-mean maximum tangential wind component, V max , and the magnitude of the minimum radial component, U min . Both these maxima occur at low levels, the Time series of azimuthal-mean maximum tangential wind component (upper two curves) and minimum radial wind component (with the sign of the radial wind reversed, lower two curves). The solid curves relate to Experiment 1, the dashed curves to Experiment 2. This figure is available in colour online at www.interscience.wiley.com/journal/qj former at a height of a few hundred metres and the latter even lower. As in many previous numerical experiments of this type, the evolution begins with a gestation period during which the vortex slowly decays due to surface friction, but moistens in the boundary layer due to evaporation from the underlying sea surface. In these experiments, this period lasts 9 hours during which time V max decreases slightly (by less than 0.5 m s −1 ). The imposition of friction from the initial instant leads to inflow in the boundary layer and outflow above it, the outflow accounting for the slight decrease in tangential wind speed through the conservation of absolute angular momentum.
Rapid intensification and maturity
The inflow is moist and, as it rises out of the boundary layer and cools, condensation progressively occurs in some grid columns interior to the corresponding radius of maximum tangential wind speed (e.g. Smith, 1968; . Existing relative vorticity is stretched and amplified in these columns leading to the formation of localized rotating updraughts in the form of VHTs (Hendricks et al., 2004; Montgomery et al., 2006a) . As the updraughts develop, there ensues a period lasting about 45 hours in Experiment 1 during which the mean vortex rapidly intensifies. During this time, V max increases from approximately 14.5 m s −1 to approximately 63 m s −1 . The average intensification rate is approximately 1 m s −1 h −1 . After 54 hours, the intensity undergoes several marked fluctuations with a timescale of 9-12 hours while the mean intensity increases more modestly reaching approximately 70 m s −1 at 96 hours. In both experiments, the inflow maximum increases sharply as intensification begins. In Experiment 1 it continues to grow steadily until about 48 hours. Thereafter the maximum oscillates with a period of 12-18 hours. Significantly, the peaks and troughs in |U min | correlate closely with peaks and troughs in V max , consistent with the role of the radial inflow in conjunction with at least the partial conservation of absolute angular momentum in the spin-up process (section 4). In Experiment 2, the maximum inflow subsides after the initial sharp increase and thereafter it slowly increases as the vortex matures. It turns out that the maximum inflow occurs in the boundary layer with speeds exceeding 25 m s −1 in Experiment 1 and 15 m s −1 in Experiment 2. When warm-rain processes are included (Experiment 2), rapid intensification is delayed and the vortex intensifies more slowly than in the Experiment 1. The intensity at 96 hours is much lower than that in Experiment 1, the peak maximum azimuthal-mean tangential wind being approximately 45 m s −1 at 77 hours compared with 63 m s −1 at this time in Experiment 1. Experiment 2 was integrated over a longer time period than Experiment 1 to determine the final maximum intensity at this resolution. At 384 hours the maximum mean tangential wind is approximately 53 m s −1 . We attribute this lower maximum to a reduction in the convective instability that results from convectively driven downdraughts associated with the rain process and from the effects of water loading, which reduces the cloud buoyancy also. The VHTs emerge from approximately 10.5 hours and are irregular and transient during the period from 12 to 36 hours. The merging and axisymmetrization processes start later than in Experiment 1 from about 36 to 60 hours.
Azimuthally averaged aspects
We consider now an azimuthal-mean perspective of the dynamics of vortex spin-up in these three-dimensional experiments. We focus for the present on Experiment 1 and begin with a description of the principal features of the flow structure and evolution. Figure 3 shows radius-height plots of the azimuthal-mean tangential wind speed and azimuthal-mean vertical component of relative vorticity at 24 and 96 hours in Experiment 1. It is noteworthy that the maximum tangential wind speed occurs at very low levels and that the vortex broadens with time as it intensifies. We have highlighted the latter feature by plotting the isotachs of gale-force (17 m s −1 ) and hurricane-force (33 m s −1 ) winds in Figure 3 (a) and (b). Note that the radius of gales, which can be used as a measure of vortex size, and the radius of hurricane-force winds move outwards as the inner core strengthens. The progressive broadening of the vortex with time is indicated also in Figure 4 (a), which shows a Hovmöller diagram of isotachs of the mean tangential wind component at a height of 500 m. The growth rate in the radius of gales decreases from about 11 km h −1 during the period 24 to 36 hours to about 7 km h −1 during the period 84 to 96 hours. The reasons for this growth are discussed in section 4. Note that the relative vorticity is positive out to at least 250 km in Figure 3(c) . The largest values occur at low levels and, at times, the maximum lies at a finite radius from the axis. Figure 4(b) shows a Hovmöller diagram of the relative vorticity at a height of 500 m. The field has been lightly smoothed by applying five passes of a 1-2-1 time filter to the data. Note that the relative vorticity has its maximum on the axis during some periods, but the maximum is mostly off the axis, especially during the later part of the calculation. This feature is even more prominent in the higher-resolution calculations summarized in M1, which used a 1.67 km horizontal grid (M1, Figure 18(d) ). Note also that there is no region with negative values at this level for radii less than 250 km.
Animations of the instantaneous fields of radial and vertical motion show the presence of inertia-gravity waves initiated by the VHTs and, in order to reduce the effects of these transient flow features, it is necessary to time average the fields. Figure 5 shows radius-height cross-sections of the isotachs of the time-mean, azimuthal-mean radial velocity in the control calculation during the two-hour periods 23-25, 47-49 and 94-96 hours. It shows also the corresponding cross-section of the time-mean, azimuthal-mean vertical velocity during the period 94-96 hours. A notable feature is that the strongest radial inflow takes place in a very shallow boundary layer. There is generally inflow in the lower troposphere, above the boundary layer, but this is much weaker with speeds mostly less than 0.5 m s −1 , i.e. below the lowest contour interval in Figure 5 (a)-(c). At later times ((b) and (c)), there is a local region of strong outflow just above the inflow where it terminates. There is mostly outflow in the upper troposphere and this is spread over a much deeper layer than the inflow, with maxima occurring at heights of around 10 km and increasing slightly in height as the vortex intensifies. Conspicuously, there are one or two shallow regions of inflow in the upper troposphere with mean radial wind speeds reaching 2 m s −1 . These structures, which lie adjacent to regions of strong outflow, are probably the anologues in the radial direction to the regions of subsidence that occur adjacent to strong convective plumes. They are likely associated with the occurrence of inertial instability, a speculation that requires further investigation. Also of interest is the existence of two maxima in the vertical velocity, one is low down and marks the region where the boundary-layer inflow rapidly terminates, erupting upwards and outwards (cf. Figure 1) . The other maximum is located much higher and is presumably associated with the axisymmetric mean of the local buoyancy within the VHTs as documented in M2.
Figure 5(e) shows a magnified view of the structure of the three velocity components in the inner-core region averaged over the time period 94-96 hours. Noteworthy features are:
• The maximum tangential wind speed, V max , is located near the top of the boundary layer (defined in the footnote in section 1) at a radius of 36 km and an altitude of about 500 m.
• V max is located also within the region of strongest ascent.
• A little above the location of V max , the flow has a large radial component outwards, the maximum exceeding 8 m s −1 .
• The vertical velocity attains a maximum at a height of about 800 m, above which it declines, indicating that this maximum is a feature of the inertial effects in the corner region where the inflow terminates and not a result of buoyancy associated by latent heat release. This buoyancy force leads to a second vertical-velocity maximum in the middle to upper troposphere ( Figure 5(d) ).
• There is a narrow region of subsidence in the eye, close to the inner edge of the eyewall.
While not a central theme of this paper, it is interesting to examine the last item above in the light of a recent study by Schubert et al. (2007) , who showed that the narrow region of subsidence in the eye occurs when the average Rossby length in the eye is less than 0.6 times the eye radius, which they took to be the radius of maximum tangential wind speed, R max . Schubert et al. (2007) defined the local Rossby length, L R , in terms of that at large radii, say L RR , which they took to be 1000 km. Specifically they defined L R = L RR (f/I ), where I is the the inertial stability parameter, defined as the square root of (ζ + f )(2v/r + f ), where ζ is the relative vorticity. Figure 5(f) shows the radial profiles of v and L R at a height of 1.2 km, the height of the maximum low-level subsidence rate inside the eye, for f = 5 × 10 −5 s −1 , corresponding with the latitude of 20
• used in the calculations here. It turns out that the average of L R is 14 km, which is less than 0.6R max , i.e. 24 km. Thus the narrow region of subsidence is consistent with the analytic theory of Schubert et al. 
Dynamics of vortex spin-up
In the foregoing section we described kinematic aspects of the spin-up process and the mature structure of selected azimuthal mean fields. We turn now to examine the dynamical aspects, focussing special attention on the questions raised in the introduction. We consider first the revised model for the behaviour of the boundary layer in the inner-core region and its influence on the interior circulation as proposed by . To this end we examine the structure of the net radial force field, F , which we define as the difference between the local radial pressure gradient and the sum of the centrifugal and Coriolis forces, i.e.
where p is the pressure, ρ is the air density and other quantities are as defined earlier. If F = 0, the tangential flow is in exact gradient wind balance; if F < 0, this flow is subgradient and if F > 0 it is supergradient. Radius-height cross-sections of F isopleths in Experiment 1 are shown in Figure 6 subgradient at outer radii, but it becomes strongly supergradient at inner radii where the boundary layer erupts into the vortex above (cf. Figure 5(d) ). As this supergradient flow is carried out of the boundary layer, it accelerates outwards, as seen in Figure 5 (a)-(c), until it achieves balance with the mass field (i.e. F → 0), whereupon it ascends into the eyewall, which is coincident with the column of strong vertical motion in Figure 5 (d). These features are highlighted in Figure 6 (d), which shows the detailed structure of the contours of net radial force in relation to the radial and vertical velocity components in the inner-core region at 96 hours. Comparison with Figure 5 (e) shows clearly that the maximum tangential wind component lies in the region where the flow is supergradient. The maximum amount by which the tangential wind speed exceeds its corresponding gradient value is 23%, 14%, 22% and 18% at 24, 48, 72 and 96 hours, respectively. The eruption of the boundary layer into the vortex above at a finite radius is analogous, for example, to the flow separation that occurs in the boundary layer on an aerofoil where there is an adverse pressure gradient, the latter being equivalent to the reverse in sign of the net radial force. Figure 6 shows also that the main low-level inflow layer coincides approximately with the region of subgradient flow, indicating that the depth of the boundary layer is associated largely with the breakdown of gradient wind balance by friction.
The above features are exactly those hypothesized by for the flow behaviour in the inner core of a hurricane (Figure 1 ) and they are supported by observations. In particular, they provide an explanation for the observation of a skirt of moderate to high radar reflectivity adjacent to the main eyewall (e.g. Figures 5-7 of Aberson et al., 2006;  Figure 3 of Marks et al., 2008) , but still within the 'visible' eye defined by the uppertropospheric boundary of clear and cloudy air seen in high-resolution satellite imagery (e.g. Figure 2 of Bell and .
We address now the question: what are the relative roles of convergence in the boundary layer to convergence above the boundary layer in the spin-up of the mean tangential winds, both in the inner core and in the region of gales?
A well-known result from the inviscid axisymmetric balanced theory of vortex intensification is that the latent heat release in eyewall convection tends to produce a secondary circulation in which the tangential wind tendency is largest just inside the radius of maximum tangential wind speed (Shapiro and Willoughby, 1982, p 389) . Thus in this theory the vortex tends to contract as it intensifies. An implicit assumption of this theory is that the convergence of absolute angular momentum takes place in a region above the boundary layer where this quantity is conserved and that the spin-up occurs there.
However, in the present calculations the largest tangential wind speeds and tendencies are found at low levels in the boundary layer and as a result are significantly affected by gradient wind imbalance (e.g. Figures 5(e), 6(d) and 8) . Thus a balanced theory would not apply in this layer .
Further insight into the foregoing question is provided by an analysis of the evolution of the mean absolute angular momentum fields. Figure 7 shows radius-height plots of these fields at the initial time and at 24, 48 and 96 hours in Experiment 1. Some contours values have been plotted as thick (blue) curves to highlight specific aspects of the evolution. Following these contours is useful because, in the absence of friction, absolute angular momentum is a materially conserved property in an axisymmetric mean sense, provided at least that the eddy fluxes associated with asymmetric motions can be ignored. We show in an appendix that this assumption is valid throughout much of the free atmosphere, the exception being in the inner core where vortical hot towers are active. Whether or not absolute angular momentum is conserved, the tangential wind speed will increase where the mean absolute angular momentum isopleths move inwards, and it will decrease where they move outwards.
Inner core spin-up
Consider first the two inner thick (blue) contours in Figure 7 (a). These move inwards in the lower troposphere and outwards in the upper troposphere. It is evident that they emanate from the region where the boundary layer erupts into the vortex above and where the boundary-layer winds are supergradient (Figures 5(d) and 6 ). . In all panels, the isotachs of mean tangential wind during each period are also shown, as thin solid curves, with contour interval 5 m s −1 . This figure is available in colour online at www.interscience.wiley.com/journal/qj shows a magnified view of the structure of the absolute angular momentum contours in the inner-core region superimposed on those of radial velocity and vertical velocity. The fields are averaged over the time period 94-96 hours. Noteworthy features are:
• The absolute angular momentum contours have a small angle to the horizontal at low levels (below 500 m) where the radial inflow is strong, consistent with strong radial advection in the presence of some diffusion to the surface.
• The largest inward displacement of a particular contour is located near the top of the inflow layer, where diffusive effects are weakest.
• The contours are nearly vertical where the radial flow is weak, e.g. above 2 km and inside a radius of 24 km.
• The contours slope upwards and outwards in the region immediately above the inflow layer where the flow is upward and outward, consistent with the material conservation of absolute angular momentum in this region.
The above results suggest an important modification of Shapiro and Willoughby's balanced picture as foreshadowed by . If the boundary layer tends to generate tangential wind speeds that are larger than the existing tangential wind speed maximum above the boundary layer, and if these winds are advected vertically out of the boundary layer, they would contribute in a similar way to a spin-up of the core region in the free atmosphere. Nevertheless, since the strongest winds occur in the boundary layer, we would expect their evolution to be tied to the pressure gradients associated with the mass distribution above the boundary layer. In summary, the intensification of the inner core is a low-level process tied strongly to the dynamics of the boundary layer, which, intrinsically, is not in gradient-wind balance.
The veracity of the foregoing ideas is exemplified by radius-height plots of the tangential wind tendency ‡ , ∂v/∂t, and the contribution thereto associated with radial advection, −u(ζ + f ), averaged during the periods 23-25 and 47-49 hours shown in Figure 8 between 47 and 49 hours), one must remember that these tendencies are opposed by surface friction and vertical advection so that the net tendencies are much smaller with maxima on the order of 2-3 m s −1 h −1 (see Figure 8 (c) and (d), noting that the contour interval is only one tenth of that in (a) and (b)). Moreover, these maxima do not coincide with the actual location of the maximum tangential wind speed so that the actual increases in the maximum wind speed are even smaller still.
A thought experiment
One way of thinking about the role of the boundary layer is to imagine imposing an annular elevated heating distribution, first in an initially neutrally stratified non-rotating fluid. The buoyancy force produced by the heating will drive a vertical circulation and the induced low pressure beneath the heat source will produce convergence from inside and outside the annulus, irrespective of the presence of friction at the lower boundary (e.g. Smith et al., 2005, section 7) . Now assume that the fluid is rotating about a vertical axis and that there is a frictional boundary layer. The inertial stability of the vortex will impede the ability of the low-level pressure gradient induced by the heat source to produce convergence, since as fluid converges conserving its absolute angular momentum, it will spin faster and the outward-directed centrifugal and Coriolis forces acting on the tangential flow will progressively increase and steadily move towards balance with the radial pressure gradient. However, in the presence of surface friction, the tangential flow will be reduced, as will the centrifugal and Coriolis forces, but the radial pressure gradient remains largely unchanged. The result is a net radial force in a shallow boundary layer. This force produces radial convergence and will drive inflow: we may think of it as producing a shallow radial inflow jet . This jet will break the symmetry between fluid converging from both inner and outer radii towards the annulus of heating, favouring flow from outside. If the radial jet is strong, it may overshoot underneath the heat source before ascending, together with some of the flow converging outwards from inside the annulus, into the annulus itself.
The fate of the jet as it approaches the heat source is determined by boundary-layer dynamics, except perhaps within one or two boundary-layer depths of the heat source itself, where the vertical perturbation pressure gradient becomes important in deflecting the inflow into the upflow within the annulus. (Recall that boundary-layer theory assumes that the perturbation pressure gradient normal to the boundary can be ignored.) Although a fraction of the absolute angular momentum of the converging flow is lost by the tangential component of friction, the tangential velocity of fluid parcels continues to increase as they move inwards (section 1). What happens in the numerical experiments described above is that, eventually, the tangential wind becomes so large that the centrifugal and Coriolis forces exceed the local radial pressure gradient induced by the heat source and the jet suffers rapid deceleration, just as a rising convective updraught undergoes rapid deceleration after it punches through the tropopause and enters the very stable stratosphere. The strong inward deceleration is accompanied by a strong upflow (which must be associated with a large perturbation pressure gradient) that carries the rapidly rotating (supergradient) flow above the inflow layer where it is able to flow outwards. As it does so, conserving absolute angular momentum, it spins more slowly and progressively achieves gradient wind balance as it rises in the updraught produced by the heating.
The main difference between the present numerical experiments and the thought experiment is that, in the former, the location of the heating is not prescribed, but determined as part of the solution. The unbalanced dynamics in the overshoot region are important in determining the maximum radial and tangential flow speeds that can be attained, and hence are important in determining the azimuthal-mean intensity of the vortex.
Outer core spin-up
Let us consider now the outer thick (blue) contours in Figure 7 (a). It is clear that these move steadily inwards, but they lie above the region where the boundary-layer winds are subgradient and where the flow is subsiding into the boundary layer (e.g. Figure 7 (d)). The inward motion is to be expected from the plots of mean radial motion shown in Figure 5 (a)-(c). This slow but progressive inward motion explains the spin-up of the outer circulation. (It is shown in the appendix that absolute angular momentum is closely conserved in this region.) As the radial motion and spin-up occur in a region above the boundary layer where the tangential flow is close to gradient wind balance, it may be readily interpreted as resulting from the balanced response of the flow to gradual changes in the azimuthally averaged heating rate in the convective region of the vortex. Such a response is described approximately by the Sawyer-Eliassen equation (Willoughby, 1979; Shapiro and Willoughby, 1982; Smith et al., 2005; Montgomery et al., 2006a) , a matter that will be investigated in a forthcoming paper.
The above results provide a possible physical explanation for certain long-standing observations of typhoons by Weatherford and Gray (1988) , which indicate that innercore changes in the azimuthal-mean tangential wind speed often occur independently from those in the outer core. (These authors define the inner core as the region from the storm centre to a radius of 111 km, or 1
• latitude, and the outer core as the radial distance 111 to 278 km, or 2.5
• latitude). We have shown that there are two largely independent mechanisms for bringing about such windspeed changes, one of them that serves to intensify the core and the other that acts to spin up the outer circulation. We say largely because any change in the outer circulation above the boundary layer will have an effect also on the boundary-layer inflow. A quantification of this effect using a simple slab boundary-layer model is given by Figure 5 therein).
The effects of warm rain
The foregoing features of the control calculation are all present in the calculation with warm rain, the principal difference being that the secondary circulation in this case is weaker, consistent with a weaker vortex (Figure 1 ).
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To illustrate this fact we show in Figure 9 the fields in the warm-rain calculation corresponding to those in Figures 5(c, d) , 6(c), and 7(d), respectively. The azimuthal-mean radial flow shows again strong inflow in a shallow boundary layer with a localized region of strong outflow just above the inflow layer in the inner core (Figure 8(a) ). This outflow feeds into the eyewall updraught (Figure 9(b) ). The main outflow in the upper troposphere extends over a layer about 1.5 km deep centred at a little over 10 km in height at large radii, the maximum speed being about 2-3 m s −1 . Below the outflow layer is a region of weak (less than 1 m s −1 ) inflow that slopes downward with decreasing radius. The mean eyewall updraught is considerably weaker than in Experiment 1 (compare Figure 9 (b) with Figure 5(d) ), but again shows two maxima, one at low levels and the other in the middle troposphere. Moreover, the net radial force is inward in the boundary layer except in the inner core, where it becomes strong and outward corresponding to supergradient flow (Figure 9(c) ). The absolute angular momentum field is similar also to that in Experiment 1, but the inward displacement of the contours is less, consistent, of course, with the weaker vortex (compare 
Conclusions
We have revisited the problem of interpreting the dynamics of tropical cyclone intensification in a three-dimensional numerical model in an axisymmetric framework. In particular we have identified two independent mechanisms for vortex intensification in this framework, both involving the radial convergence of absolute angular momentum.
• The first mechanism is associated with radial convergence above the boundary layer in conjunction with the conservation of absolute angular momentum. The convergence is produced by increasing system-scale radial buoyancy gradients associated with deep, inner-core convection in the presence of enhanced surface moisture fluxes. This mechanism has been articulated previously by many authors. It explains why the vortex expands in size and may be interpreted in terms of balanced dynamics.
• The second mechanism is associated with radial convergence within the boundary layer and becomes important in the inner core. It is likely to be enhanced by the development of supergradient winds there. Although absolute angular momentum is not materially conserved in the boundary layer, large wind speeds can be achieved if the radial inflow is sufficiently large to bring the air parcels to small radii with minimal loss of angular momentum. This mechanism is tied fundamentally to the dynamics of the boundary layer, where the flow is not in gradient-wind balance.
The existence of these two mechanisms provides a plausible physical explanation for certain long-standing observations of typhoons by Weatherford and Gray, which indicate that inner-core changes in the azimuthalmean tangential wind speed often occur independently from those in the outer core.
Where the tangential winds become supergradient, the boundary-layer inflow is rapidly decelerated and the supergradient winds are carried upwards and outwards to feed into the eyewall clouds. The region of outward radial flow immediately above the shallow inflow in the boundary layer supports the hypothesis encapsulated in Figure 1 concerning the flow structure in this region. A simple thought experiment was presented to illustrate the role and importance of the unbalanced dynamics in the inner-core region in determining the maximum radial and tangential flow speeds that can be ultimately attained in the vortex. Indeed, we have sought to highlight the importance of gradient-wind imbalance in the boundary layer in determining the azimuthal-mean intensity of the vortex, both in the numerical simulations and in reality.
An interesting question is whether the spin-up process predicted by Emanuel's (1997 Emanuel's ( , 2003 theory of eyewall frontogenesis accurately or even qualitatively captures the spin-up behaviour of both the inner core and the outer circulation as presented here. This question remains a topic for further investigation.
What we have not done in this paper is to relate the boundary-layer convergence to the buoyant forcing of the vortex aloft and to the constraints on the convergence therein imposed by the boundary-layer dynamics. The latter constraints depend on the tangential wind profiles above the boundary layer where the air is subsiding into it and these profiles, in turn, are determined by the convergence of absolute angular momentum above the boundary layer in response to convective heating in the core region. A theory that brings all these constraints together to form a comprehensive theory of tropical cyclone evolution has still to be worked out, but such a theory is necessary, for example, for constructing an improved theory for the potential intensity of a tropical cyclone.
where r is the radius, v is the tangential wind speed, and f is the Coriolis parameter. For axisymmetric flow it satisfies the equation
where F represents the frictional torque and eddy angular momentum source. Equation (A.1) implies that for and w(∂M/∂z) make the largest contributions to the time tendency, ∂M/∂t, and they almost cancel. The frictional and eddy source term F , estimated here as a residual, makes an important contribution in the boundary layer as expected and also a slight contribution in the eyewall region, presumably a reflection of eddy activity in the inner core region associated with the VHTs.
